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Abstract. Unknown electric conductivities of human tissues is a com-
mon issue in medical engineering. Electrical impedance tomography (EIT)
is an imaging modality that can be used to determine these conductivi-
ties in vivo from boundary measurements. In this paper, we demonstrate
that local conductivity values of different skull segments can be solved
from EIT measurements with the help of a box constraint. Based on
our numerical results, the accuracy of the results depended on the lo-
cations of the current carrying electrodes and the signal to noise ratio
of the measurements. Particularly, the conductivity values of the skull
segments that located below the current carrying electrodes were recon-
structed more accurately.
Keywords: electrical impedance tomography, bioimpedance, tissue con-
ductivity, inverse problem, box constraint, interior point method
1 Introduction
The determination of the electric conductivity values of the different tissues of
the human head is an important problem that is often encountered in electroen-
cephalography source imaging and transcranial direct current stimulation. The
efficacy of these modalities is highly dependent on the knowledge of the tissue
conductivities, particularly the highly insulating skull [1,2].
Electrical impedance tomography (EIT) is an imaging modality that can
be used to solve the internal conductivity profiles with the help of boundary
electrodes [3]. Most EIT studies of the human head are limited to only very few (4
or less) tissue conductivity values [4,5] which effectively neglects any possibility
to find local variations within any of the tissue compartment. Previously, it has
been reported that, for example, the electric conductivity of the temporal bones
can be much lower than elsewhere in the skull [6].
In the current study, we demonstrate reconstruction of local conductivity
variations in the skull compartment by using a box constraint. We have di-
vided the skull in pieces in order to reconstruct different conductivity values
of each segment. This work is a simulation study that is carried out by using
3-dimensional finite element (FE) -based head models.
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2 Theory
2.1 Observation model
The observation model of EIT can be written as
Vmeas = U(σ, I) + vnoise, (1)
where Vmeas ∈ RM are the measured boundary voltages, U(σ, I) is the mapping
that connects the conductivity distribution σ and the pre-defined current injec-
tions I with the measured voltages, and vnoise represents the measurement noise.
For the numerical solution of the EIT problem, the conductivity distribution is
discretized and approximated as σ(x) = Σni=1σiφi(x), where φi(x) can be linear
basis functions, for example, and n is the total number of nodes of the FE head
model [7].
The mapping U(σ, I) can be linearized with respect to the conductivity pa-
rameterization by using the Taylor series expansion
U(σ) = U(σlin) + J(σ − σlin) +O(‖(σ − σlin)‖2), (2)
where σ ∈ Rn, J ∈ RM×n, Jj,i = ∂Uj(σlin)∂σi is the (j, i)th element of the Jacobian
matrix [8] evaluated at a given linearization point σlin ∈ Rn.
From (1) and (2), we can approximate the observation model as
Vmeas = U(σlin) + J(σ − σlin) + vnoise. (3)
2.2 EIT inverse problem with box constraint
Here, the unknown conductivity parameters σ of (3) are solved with the help
of a box constraint. The box constraint can be used to define the lower and
upper bounds for the unknown conductivities (σL and σU , respectively), and
the corresponding minimization functional is of the form
min
σ
f(σ) = ‖b− Jσ‖22 + λ‖Bσ‖22 subject to σL ≤ σ ≤ σU , (4)
where b = Vmeas−U(σlin)+Jσlin, λ is a regularization coefficient andB represents
the conductivity prior. The problem is now solved iteratively by using algorithm
1.
3 Methods
A numerical head model for the human head was downloaded4 [9]. It consisted of
262 368 elements joined in 48 394 nodes, and 33 electrodes that were place on the
scalp, see Figure 1. In the head model, the scalp, skull, cerebro-spinal-fluid (CSF)
and brain compartments were segmented. For this study, the skull compartment
4http://eidors3d.sourceforge.net/data contrib/at-head-mesh/at-head-mesh.shtml
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Algorithm 1 Solve the EIT imaging problem
1: Initialization: σ(0) = 0.5(σU − σL) + σL and U (0) = U(σ(0), I);
2: for i = 0, . . . , Nmax do
3: Update Jacobian J(i) and b(i) = Vmeas − U (i) + J(i)σ(i);
4: σ(i+1) := minσ ‖b(i) − J(i)σ‖22 + λ‖Bσ‖22 subject to σL ≤ σ ≤ σU ;
5: Estimate U (i+1) = U(σ(i+1), I);
6: if ‖Vmeas − U (i+1)‖2 ≤ ‖vnoise‖2 and ‖σ(i+1) − σ(i)‖2 < εtol then Quiet
7: end if
8: end for
was further divided into c = 5 segments (see, Figure 1) which approximately
corresponded the frontal, parietal, occipital and left and right temporal bone.
The conductivity value of each segment was subsequently estimated by using EIT
and a box constraint. The remaining conductivity parameters were considered
as known.
Fig. 1. Left: The numerical head model with the scalp electrodes that were used in
the simulations. Right: The skull was roughly segmented to frontal, parietal, occipital
and left and right temporal bone. The conductivity values of these segments were
reconstructed with the help of EIT and box constraint.
3.1 Jacobian matrix for skull segments
For the computations, the Jacobian matrix J ∈ RM×n needed to be re-defined
for the c skull segments (i.e. J ∈ RM×c). First, the columns of the Jacobian
matrix that corresponded to known conductivities were discarded reducing the
size of the Jacobian matrix to M × nsk where nsk is the number of the FE nodes
4 Ville Rimpila¨inen et al.
in the skull compartment. Then, by defining a 1-to-1 projection P ∈ Rnsk×c
between the different segments and the skull nodes, the size of the Jacobian was
further reduced to M × c.
3.2 Implementation of box constraint
The problem (4) was solved by using the interior point method (IPM) [10]. For
this purpose, the problem (4) was first reformulated as an unconstrained problem
with the help of the logarithmic barrier method [10]
min
σ
Φt(σ) = t
(‖b− Jσ‖22 + λ‖Bσ‖22)− c∑
i=1
log [(σi − σL,i)(σU,i − σi)], (5)
where σ ∈ Rc is the unknown conductivity vector, σL,i and σU,i are the lower
and upper conductivity limits in each segment.
The solution is then achieved by solving a sequence of unconstrained problems
(5) for increasing value of t > 0. The IPM algorithm consists of an inner and
outer loop [10]. In the inner loop, problem (5) is solved by keeping the value
of t > 0 constant while in the outer loop, the value of t is updated. The IPM
algorithm terminates based on a chosen stopping criterion. Here, we used the
duality gap as in [11,12].
Stopping Criterion Duality gap is the difference between the value of f(σ)
(4) and its dual functional g given by
η = f(σ)− g(p, q, µ, ν), (6)
where g(p, q, µ, ν) = −0.25 (pTp+ λqTq)− pTb+ µTσL − νTσU .
Given a solution σ for problem (4), we estimate g based on
p = 2(Jσ−b), q = 2Bσ, µ = max(0, [JTp+BTq]) and ν = max(0,−[JTp+BTq]).
(7)
Inner loop Keeping t fixed, the problem (5) can be solved with the help of
the Newton method [13] followed by backtracking line search (BLS) [10]. In
particular, we estimated first the search direction defined as ∆σ ∈ Rc by solving
the linear system
HΦt∆σ = −GΦt , (8)
where HΦt = ∇2Φt(σ) ∈ Rc×c is the Hessian matrix and GΦt = ∇Φt(σ) ∈ Rc is
the gradient of Φt(σ), respectively. Then the updated solution is σ := σ + s∆σ
where s > 0 is the step size estimated by the BLS.
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Outer loop The outer loop of the IPM updates the value of t [12,11]. Here, we
used
t :=
{
max{αmin{c/η, t}, t}, s ≥ smin
t s < smin,
(9)
where s is the estimated step size and smin = 0.7 is the threshold that determines
whether t will be updated or not. This t-rule ensures that t stays constant until
the cost function Φt (5) is nearly minimized, i.e. ‖∇Φt‖2 ' 0.
3.3 Simulation set-up
In the numerical experiments, two EIT current injections with amplitude 2 mA
were used: the electrodes 21 and 18 were used in the first, and 6 and 24 in the sec-
ond current injection. The resulting voltages on the electrodes, excluding current
carrying electrodes, were measured against a common ground that was placed
on the chin. Random Gaussian white noise was added in the measurements.
In the test cases, we used the following tissue conductivity values (in S/m):
σscalp = 0.43 [14], σCSF = 1.79 [15] and σbrain = 0.33 [14]. The skull conductivity
values were varied around on the literature value 0.01 S/m that was found in
[16]. The tested conductivity values of the frontal, parietal, occipital and left
and right temporal bone segment are given in Table 1. The rest of the skull was
kept in a fixed (known) conductivity value.
The EIT inverse problem with the box constraint was solved as detailed in
Section 3.2 in order to estimate the unknown skull conductivity parameters. The
lower and upper limits of the box constraint were σL = 0.001 S/m and σU = 0.04
S/m, respectively. Since the number of measurements M = 62 exceeded the
number of unknown skull conductivity parameters c = 5, thus the problem
(4) was over-determined, we could set the regularization parameter λ = 0 and
effectively omit the prior term.
4 Results and discussion
The conductivity values of the 5 skull segments and the signal to noise ratios
(SNR) used in the test cases, and the reconstructed conductivity values are
summarized in Table 1. The reported conductivity values are averages of 10
reconstructions (computed with different noise realizations), and the uncertainty
values are the standard deviations of these 10 values.
It can be seen that in all the 40 dB test cases the reconstructed conductiv-
ity values match well with the true ones, and that the accuracy of the results
deteriorates with increasing noise, as expected. The uncertainty values depend
strongly on the location: the standard deviation values for occipital and both
temporal bones are higher than for frontal and parietal bones, particularly this is
evident for the 20 dB test cases. This is due to the choice of the current carrying
electrodes which all located above the occipital and temporal bones. This implies
that better accuracy for the occipital and temporal bones could be achieved by
using current injections through electrodes that locate above these areas.
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Table 1. The true and reconstructed conductivity values (in 10−3 S/m) of the different
skull segments.
SNR Frontal Occipital Right temporal Left temporal Parietal
True 10 10 10 10 10
40 dB 10.0 ± 0.0 9.7 ± 0.5 10.4 ± 0.3 10.1 ± 0.3 10.1 ± 0.1
20 dB 9.7 ± 0.4 9.6 ± 2.8 6.5 ± 2.7 12.6 ± 2.4 9.9 ± 0.3
True 10 10 7 7 10
40 dB 10.0 ± 0.1 10.1 ± 0.3 7.4 ± 0.3 6.7 ± 0.2 9.9 ± 0.1
20 dB 9.5 ± 0.3 5.4 ± 3.1 2.6 ± 1.6 16.8 ± 4.3 10.8 ± 0.7
True 10 10 5 5 10
40 dB 9.9 ± 0.1 9.0 ± 0.7 4.6 ± 0.3 4.7 ± 0.2 10.0 ± 0.0
20 dB 10.3 ± 0.2 10.7 ± 2.8 3.3 ± 2.1 4.6 ± 2.2 10.5 ± 0.5
True 10 10 1 1 10
40 dB 10.1 ± 0.0 10.9 ± 0.7 1.0 ± 0.0 1.0 ± 0.0 10.0 ± 0.0
20 dB 10.2 ± 0.5 11.7 ± 3.7 4.6 ± 3.5 3.9 ± 1.8 10.4 ± 0.6
True 7 7 5 5 7
40 dB 6.9 ± 0.1 7.4 ± 0.2 5.1 ± 0.1 5.0 ± 0.1 7.0 ± 0.0
20 dB 7.0 ± 0.3 9.4 ± 1.5 13.3 ± 5.3 4.8 ± 1.6 7.0 ± 0.3
True 7 7 1 1 7
40 dB 7.0 ± 0.1 7.3 ± 0.3 1.2 ± 0.2 1.5 ± 0.3 6.9 ± 0.0
20 dB 6.0 ± 0.5 15.1 ± 6.3 5.6 ± 4.9 1.3 ± 0.4 6.4 ± 0.5
True 7 9 10 10 8
40 dB 7.1 ± 0.1 8.8 ± 0.2 9.9 ± 0.3 10.0 ± 0.2 8.0 ± 0.0
20 dB 7.1 ± 0.3 14.5 ± 1.8 15.9 ± 1.5 24.1 ± 6.4 6.9 ± 0.5
True 10 11 13 14 9
40 dB 10.0 ± 0.1 11.4 ± 0.5 13.2 ± 0.3 14.3 ± 0.3 9.0 ± 0.0
20 dB 10.7 ± 0.2 7.1 ± 1.7 22.8 ± 4.7 18.7 ± 4.0 9.0 ± 0.2
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In addition, in cases in which the bone segments had conductivity values
equal to the lower limit of the box constraint, a value still within the box that
was very close to the box limit was found. This verifies that the box constraint
algorithm worked correctly.
5 Conclusions and future work
In this paper, we demonstrated the use of a box constraint when reconstructing
conductivity values from EIT measurements for different segments of the human
skull. The accuracy of the results depended on the SNR and whether current
carrying electrodes located above the unknown skull segment. In the future, EIT
studies with further refinement in the parameterization of the skull conductivity
(i.e. smaller segments) and additional unknown tissue compartments will be
tested.
Acknowledgements
The authors wish to thank Dr. Nathan D. Smith for his insight on the dual
function. This project has received funding from the ATTRACT project funded
by the EC under Grant Agreement 777222 and from the Academy of Finland
post-doctoral program (project no. 316542).
Conflict of interest
The authors declare that they have no conflicts of interest.
References
1. V. Montes-Restrepo, P. van Mierlo, G. Strobbe, S. Staelens, S. Vanderberghe,
H. Hallez, Brain Topogr. 27, 95 (2014)
2. C. Schmidt, S. Wagner, M. Burger, U.V. Rienen, C.H. Wolters, J. Neural. Eng. 12,
046028 (2015)
3. D. Holder (ed.), Electrical impedance tomography (CRC Press, 2004)
4. J. Dabek, K. Kalogianni, E. Rotgans, F.C. van der Helm, G. Kwakkel, E.E. van
Wegen, A. Daffertshofer, J.C. de Munck, NeuroImage 127, 484 (2016)
5. M. Fernandez-Corazza, S. Turovets, P. Luu, N. Price, C.H. Muravchik, D. Tucker,
IEEE Trans. Biomed Eng. 65, 1785 (2018)
6. S.K. Law, Brain Topogr. 6, 2 (1993)
7. P.J. Vauhkonen, M. Vauhkonen, T. Savolainen, J.P. Kaipio, IEEE Biomed. Eng 46,
9 (1999)
8. M. Vauhkonen, Electrical impedance tomography and prior information (Kuopio
University Publications C, 1997)
9. A. Tizzard, R.H. Bayford, Physiol. Meas. 28, 163 (2007)
10. S.P. Boyd, L. Vandenberghe, Convex Optimization (Cambridge University Press,
2004)
8 Ville Rimpila¨inen et al.
11. S.J. Kim, K. Koh, M. Lustig, S. Boyd, D. Gorinevsky, IEEE J. Sel. Topics Signal
Process. 1(1), 606 (2007)
12. K. Koh, S.J. Kim, S. Boyd, J. Mach. Learn. Res. (2007)
13. M.T. Heath, Scientific Computing: an Introductory Survey (2002)
14. C. Ramon, P. Schimpf, J. Haueisen, M. Holmes, A. Ishimaru, Brain Topogr. 16,
245 (2004)
15. S.B. Baumann, D.R. Wozny, S.K. Kelly, F.M. Meno, IEEE Trans. Biomed. Eng.
44, 220 (1997)
16. M. Dannhauer, B. Lanfer, C. Wolters, T. Kno¨sche, Hum. Brain Mapp. 32, 1383
(2011)
